This paper focuses on the automatic generation of forward kinematics of a kind of modular reconfigurable robot. Based on the modularized division of robots and the communication between the host and the modules, a configuration recognition method is proposed. By using the graph theory, the method of topological analysis is proposed, and the assembly incidence matrix (AIM) and path matrix are derived. Subsequently, based on the results of topological analysis and the definition of module frames, the initial poses and twists of a robot are obtained. To deal with the multi-chain robots, the entries of the path matrix are employed to enable dyads to appear or not to appear in the kinematic equations. Then, the forward kinematics of the multi-chain robot is derived. An illustrative example and an experiment are presented. The results show that the method is valid and suitable for both single-open-chain robots and multi-chain robots.
Introduction
Modular reconfigurable robots can achieve a high level of reliability for their flexibility to various tasks and environments. Thus, they are very suitable for work in hazardous and extreme environments. They have large configuration spaces, and it is too hard to manually enumerate all of the configurations and their kinematics and dynamics in advance. Unfortunately, a robot controller only works well on the condition that it knows the configuration of the robot, and thus knows its kinematics and dynamics. Therefore, developing a method of automatically generating kinematics is an attractive and significant research topic.
In general, modular configurable robots can be classified into two categories: homogenous robots and heterogeneous robots. This paper focuses on the latter. In contrast with the former, a heterogeneous modular robot has more than one type of module, and these modules have different kinematic parameters. Hence, its kinematics is composed of different kinematic units rather than identical ones, i.e. it is more complex.
Many researchers have applied the graph theory to analyse configurations of a modular reconfigurable robot. Castano and Will (2001) used multiport digraphs to represent robot configurations, and discussed the discovery and identification of a configuration. However, the method only works when the configuration is saved and preprogrammed in the master computer. introduced a joint-gene concept for metamorphic mechanisms, and proposed a variable topological representation and a method of configuration transformation. Although a reconfigured matrix was derived through the transformation, the changes of kinematics and dynamics were not involved. Kuo and Shih (2008) studied the identification of link adjacency and joint incidence of kinematic chains and mechanisms, by employing a pseudogenetic concept. Ding et al. (2009) proposed unified topological models and mathematical representations for planar mechanisms. Chen (1994) analysed the kinematic equivalences of different configurations. Chen and Burdick (1998) employed combinatorial mathematics to enumerate the non-isomorphic assembly configurations of a modular robot system. Liu et al. (2009) proposed a configuration representation and kinematics based on a kind of topology characteristic matrix, and it is valid for serial robot. The Denavit-Harteriberg (D-H) method is a popular method of modelling the kinematics of a robot. Schmitz et al. (1988) and Kelmar and Khosla (1988) presented a description of joint and link modules and the sequence in which they have been connected; then, after assigning two sets of coordinate frames, the D-H parameters were generated, and hence the kinematics was obtained. The D-H method was applied to calculate the kinematics of the base molecule for the RobMAT modular robot (Escalera et al., 2005) , but the kinematics for cooperation between molecules and atoms was not mentioned. The D-H method was also employed by other researchers (Bi et al., 2007; Cui, 2011) . The Product-of-Exponentials (POE) formula is another effective tool to analyse the kinematics. Yang (1999) and Chen and Yang (1998) proposed a kinematics algorithm based on the local POE formula. The twists of the dyads are relative to local frames, and thus the kinematics is independent of configurations. Wang et al. (2004) gave three forms of forward kinematics with the twists relative to different frames, but the kinematics of multi-chain robots was not mentioned. Fei et al. (2000) proposed a method of generating the forward kinematics automatically, and gave the comparison and transformation between the twists relative to module frames and that relative to base frames. The method is applicable to single-open-chain robots. Baca et al. (2008) used the graph theory to describe robot configurations, and gave the forward kinematics, which used transformations between reference frames and connectors, and a docking matrix to express the connecting relation between modules. Zhang et al. (2008) proposed the kinematics of reconfigurable modular robots applying the multiple multiplication of joint and link matrices. Zhao et al. (2010) proposed a method of kinematics of joint modular robots based on module matrices. Different from the above methods, Pozna (2007) proposed an algorithm of generating the kinematics of modular industrial robots, and it works when all of the joints are rotary and the axes of consecutive joints are perpendicular or parallel. Some other researchers have focused on discovering configuration and on-line reconfiguration algorithms for self-reconfigurable robots that are generally constructed by homogeneous modules (Yoshida et al., 2001; Ho and Shen, 2006; Park et al., 2008) . However, automatically generating the kinematic and dynamic equations for heterogeneous modular robots still needs further investigation. This paper proposes a method of topological analysis and a method of generating the forward kinematics of a multichain modular reconfigurable robot. This paper is organized as follows. The topological analyses are introduced next, then module frames are defined. We follow this with a deduction of the initial poses and the twists of dyads and consequently the kinematics is obtained. Next we give an illustrative example and an experiment. Finally, that last section presents our conclusions.
Topological analysis of a robot

Modularized division of a robot
A robot is divided into joint and link modules. Each module has one input and one or more output connectors. All of the connectors are standardized for interchangeability. Figure 1 shows some modules.
In general, a rotary joint has a fixed rotating interval, so it cannot work once the joint variable is needed to exceed its limits. To achieve different rotating intervals, the output connector of each joint has six equally spaced location holes, as shown in Figure 2 (a), and thus has six relative assembly angles. For example, Figure 2 (b) and (c) show a link that is connected to a joint with the assembly angles of 0 and p/3, respectively.
Each module has a set of attributes that distinguishes it from others. In this paper, a module is defined by its five aspects of attributes; thus a module, denoted by MA, can be represented by a 5-tuple: 
where F, D, I, T, E represent the module states, dimensions, mass properties, technical data, and electrical and electronics data, respectively. The MA, which works as an identification of a module, is saved in the control electronics embedded in every module.
Configuration recognition
Modules are recognized by the communication between the host computer and modules via CAN bus and recognition lines, as shown in Figure 3 (a). Then, each assembly parameter ASM is obtained. The ASM can be represented as
where F and A are the assembly state and the relative assembly angles, respectively. As shown in Figure 3 (b), the recognition process mainly contains three steps: (1) traverse the modules by virtue of the command GetMA(FormerID) via CAN bus and recognition lines, and read the MAs; (2) get the assembly parameter ASM by employing the command GetAngle(LatterID); and (3) generate the module database ModuleDatabase.
The element of the database is represented as
where SequenceNo is the sequence number assigned by the host, and LinkID is the ID of its preceding module.
Configuration analysis
A rooted tree can describe a configuration. The vertexes and edges of a rooted tree T denote joint modules and fixed geometrical relations between consecutive joints, namely, the links of a robot, respectively. A rooted tree is an ordered 2tuple, which is composed of the vertex set V and edge set E, i.e. T = (V, E). Then, incidence matrix is used to represent a rooted tree, and it is defined as follows.
Definition 1 (Incidence matrix). Given a rooted tree T =
, v n } and E = {e 1 , e 2 , ., e n }, the incidence matrix B(T) of T is an (n + 1) 3 n matrix. The entry b ij in row i and column j of B is given as
if v i is the origin of e j ; À1, if v i is the termination of e j ; 0; otherwise:
< :
Based on the incidence matrix, some types of vertexes or edges can be identified. Referring to Chartrand and Zhang (2005) , we define the degree matrix below.
Definition 2 (Degree matrix). A degree matrix D(T) is
given as D(T) = BB T , where B is the (n + 1) 3 n incidence matrix, and D is an (n + 1) 3 (n + 1) matrix.
The diagonal elements of D denote the degrees of the vertexes (Chartrand and Zhang, 2005) :
Therefore, some conclusions can be drawn as follows: 1) if d i,i = 1, the vertex v i denotes the ground or an end module of a chain. Furthermore, if od v i =1, it is the ground; if id v i =1, it is an end module of a chain, where od v i is the outdegree of v i and id v i is the indegree of v i ; 2) if d i,i = 2, the module denoted by vertex v i does not have a branch; and 3) if d i,i˜3 , the module v i has branches, and the number of branches is d i,i -1.
Subsequently, the AIM is obtained by introducing the relative assembly angles, Module.ASM.A, to the incidence matrix. Different from Yang (1999) , a definition of AIM, which completely express the configuration, is given below:
Definition 3 (AIM of a rooted tree). The AIM A(T) is an (n + 1) 3 n matrix, and is obtained by substituting the assembly angles for the corresponding entries that are ones, respectively.
Finally, we use a path matrix to represent a multi-chain configuration. The path matrix is defined as follows.
Definition 4 (Path matrix; Yang, 1999) . A path matrix P(T) is an m 3 (n + 1) matrix, which is given as where m 2 N is the number of chains, p i =[ p i0 , p i1 , p i2 , ., p in ] represents path i, and the entry p ij is
Benefiting from the information from the module database, a new simple algorithm is developed as follows: 1) initialization: given the incidence matrix of the tree B(T) and the module database; 2) compute D(T) using Definition 2; find all of the diagonal elements that are ones except the element c 1,1 ; the modules corresponding to the elements are denoted by
, ., and v lm as the beginnings, and by employing the LinkIDs, find their parent modules iteratively until root vertex, respectively; exclude all of the link modules; and 4) reverse the path's orders, and obtain the demanding paths, p 1 , p 2 , ., and p m .
The kinematics of a modular reconfigurable robot is based on the results of the topological analysis. Please refer to Pan et al. (2010) for details about topological analysis.
However, considering that the entries p i1 (i=1, 2, 3,., m) of a path matrix actually denote the ground, we delete all of these entries, i.e. the first column of the matrix, to obtain a new path matrix. The new path matrix is an m 3 n matrix, and its entry p ij corresponds to dyad j introduced below.
Definitions of module frames
In order to describe the geometry and motion features of each module, we define frames attached to every connector of a module. The frames are defined as follows.
Joint modules
As shown in Figure 1 
The output frame {i2} is attached to the output connector and located at O i2 ; when the joint variable is zero, the axes of {i2} are in the same directions as those of {i1}, and then {i2} is expressed relative to {i1} as
where i1 p i2 = ½ 0 0 h T , and h = o i1 o i2 = const.
Link module
The input and output frames are defined as {Li1} and {Li2}, respectively. The origins of the frames, denoted by O Li1 and O Li2 , are located at the centres of the input end and output end of link Li, respectively. The axis Z Li1 points to the inner of the link, whereas Z Li2 points to the outer. If the output connector intersects the input connector, as shown in Figure 1 (c) and (d), the axis X Li1 points to the intersection, whereas X Li2 is against the intersection. If the output connector parallels the output connector, as shown in Figure 1(e) , the axis X Li1 points to the location hole, whereas X Li2 aligns with X Li1 . Otherwise, the output connector and the input connector are coplanar, as shown in Figure 1(f) , the axis X Li1 points to O Li2 , whereas X Li2 is coincident with X Li1 . Moreover, if a link has branches, as shown in Figure 1(g) , the one input frame and two output frames are defined similarly.
End-effector module
As shown in Figure 1(h) , the input frame of an end-effector is defined in the same way as that of a joint module, and the output frame is located with its origin at the gripping centre of the fingers. The Z-axis of the output frame, called the approach vector, is coincident with Z G1 ; the Y-axis, called the orientation vector, is coincident with the line that passes through two fingers; and the X-axis is formed by the righthand rule.
Base modules
Two types of base modules are investigated in this paper: the mobile base and the fixed base, as shown in Figure 1 (i) and (j), respectively. Each has a frame {0} at its output connector. Moreover, world coordinate systems are defined to represent the pose of the base. In general, if a fixed base is used in a configuration, the world frame coincides with frame {0}; otherwise, it can be defined arbitrarily for convenience.
Kinematics of a modular reconfigurable robot
Dyad and its initial pose
The path matrix is used to obtain the kinematics. As the path matrix does not incorporate any link information, it is necessary to attach a link to its neighbour joint in kinematics; so the 'dyad' serves here. Yang (1999) defined a 'dyad' as 'a pair of consecutive links in a kinematics chain'. Likewise, a joint with its preceding link together are termed as a dyad here. Figure 4 shows a dyad. The term 'initial pose' refers to a pose of the output frame of a mechanism relative to its input frame or a specified reference frame when its joint variables are at zero positions. The initial pose of dyad i shown in Figure 4 is given as
where T i (0) is the initial pose of dyad i, Li1 Li2 T is the pose of frame {Li2} relative to frame {Li1}, Li2 i1 T is the pose of frame {i1} relative to frame {Li2}, and i1 i2 T 0 ð Þ is the initial pose of joint i and is expressed by (1). Actually, we have Li2 i1 T = I 4 , and considering that an assembly angle f i exists between consecutive dyads, we revise (2) as
Furthermore, we obtain the initial pose of dyad i in a chain relative to the base frame:
Initial poses of chains Suppose that a chain consists of a series of dyads, T 1 q 1 ð Þ, T 2 q 2 ð Þ, Á Á Á , T n q n ð Þ. According to (4), the initial pose of the chain can be written as
For a multi-chain mechanism, the chains may share some dyads as well as having their own ones. For a robot with n joints (end-effector included) and k chains, the initial pose of dyad i in chain j is rewritten as
where p ji is the element of a path matrix, the subscript j (1 < j < k) denotes the order of the chain, and i (1 < i < n) denotes the order of the dyad. Furthermore, the initial pose of dyad i in chain j with respect to base frame is
For the chain j, the initial pose of its end-effector is
Consequently, we obtain the initial poses of a multi-chain robot as
Twists of the dyads Suppose that 0 T i 0 ð Þ is given as
Dyad i is a rotary joint. The twist of dyad i is shown in Figure   5 . Its axis is coincident with the axis of module i, and passes through the centre point of the module's output end face. The axis and the point are represented, relative to the output frame of module i, as
They can be represented relative to the base frame {0} as
Subsequently, we obtain the ray coordinates of the twist as follows.
y, i a z, i À p z, i a y, i p z, i a x, i À p x, i a z, i p x, i a y, i À p y, i a x, i 2 4 3 5 :
Therefore, the twist is obtained as 
where 0ĵ i 2 se 3 ð Þ is the Lie algebra of the special Euclidian group SE(3), 0v i 2 so 3 ð Þ is the Lie algebra of the special orthogonal group SO(3) and
Dyad i is a prismatic joint. The translating vector of dyad i with respect to its own output frame is
The vector relative to the base frame is
Thus, the ray coordinates of the twist of dyad i is Dyad i is an end-effector module. Considering that the gripping motion does not add any degree of freedom to the robot, we define that
Kinematics of a single open chain
The motion of dyad i causes the transforming of the end of a chain. Based on the relationship between SE(3) and se (3), we have
where e qi 0ĵ i 2 SE 3 ð Þ is the rigid motion along the joint axis of dyad i.
A dyad in a chain, for example, rotates relative to its own joint axis by q i , and then the pose of the end is 0 T n q i ð Þ= e qi 0ĵ i 0 T n 0 ð Þ:
Hence, we get the rigid body motions along the joint axes of a single open chain:
= e q1 0ĵ 1 e q2 0ĵ 2 e q3 0ĵ 3 Á Á Á e qi 0ĵ i Á Á Á e qn 0ĵ n 0 T n 0 ð Þ 2 SE 3 ð Þ:
Furthermore, based on the Lie group and Lie algebra theory (Selig, 2005; Yu et al., 2008) , e qi 0ĵ i 2 SE 3 ð Þis calculated as
where e qi 0v i 2 SO 3 ð Þ is calculated by using Rodrigues' formula (Selig, 2005) :
Kinematics of multiple chains
Considering that a dyad may be shared by more than one chain, we revise Equation (11) as
where the subscript j denotes the order of a chain, and p ji is the entry of the path matrix. Given a path matrix, initial pose and the twists of a multiple chain robot, we get the kinematic equations as 
Illustrative example
Without loss of generality, a robot shown in Figure 6 (a) is chosen for this illustrative example. Figure 6 . A robot and its rooted tree.
Topological analysis
After the configuration recognition process, a rooted tree is derived as shown in Figure 6(b) . For simplicity, all of the assembly angles are set to zero, and only one frame (the output one) of each dyad is marked here. Note that the third joint, which is denoted by P 3 , is a prismatic joint. The vertex set and the edge set of the rooted tree shown in Figure 6 (b) are V(T) = {R 0 , R 1 , R 2 , P 3 , R 4 , ., R 8 } and E(T) = {L 1 , L 2 , L 3 , ., L 8 }, respectively. Then, the incidence matrix B and AIM A are derived as , , where F = f 1 , f 2 , Á Á Á , f 8 ½ T = 0 ½ 831 . Following Definition 2, the matrix D is derived as :
The diagonal elements of D indicate that the first vertex is the root, the sixth and ninth vertices are leaves, and the third vertex has two branches. Then following the path matrix generating algorithm, the path matrix is derived as P T ð Þ= 1 1 1 1 1 0 0 0 1 1 0 0 0 1 1 1 ! :
The initial poses As shown in Figure 6(a) , for simplicity, suppose that all of the lengths of the rotary joint modules are equally set to be l J for convenience; the length of the prismatic joint module is l J when its joint variable is zero; and the length of the grippers is l G . Then, from Equation (3), we have Considering that the configuration has two chains, from Equation (5), we rewrite the initial poses as
Thus, using Equations (6) and (7), we calculate the initial poses of dyads with respect to {0} as Hence, from Equation (8), we have
The twists of dyads From Equations (9) and (10), we compute
ð Þ T , 0 j 5 = 0, 0 j 6 = 1 0 0, 0 l 1 + l 2 + l 7 + l J 0 ð Þ T , 0 j 7 = 0 0 1, 0 Àl 8 0 ð Þ T , 0 j 8 = 0:
The kinematic equations From Equations (12) and (13), we obtain the kinematics equations as T q 1 , q 2 , q 3 , Á Á Á , q i , Á Á Á , q 8 ð Þ = e q1 0ĵ 1 e q2 0ĵ 2 e q3 0ĵ 3 e q4 0ĵ 4 e q5 0ĵ 5 0 T c1 0 ð Þ e q1 0ĵ 1 e q2 0ĵ 2 e q6 0ĵ 6 e q7 0ĵ 7 e q8 0ĵ
where q 5 [ 0 and q 8 [ 0.
Comparison with the D-H method
The comparison of the results between this method and the D-H method is given below to verify this method. For simplicity but without loss of generality, one chain of the robot, chain 2, is chosen for this verification. The D-H frames of the chain are shown in Figure 7 , and the link parameters are shown in Table 1 .
Notice that the joints are renumbered here, and a base frame {B} and a tool (end-effector) frame {E}, which are respectively equivalent to frames {0} and {8} shown in Figure  6 Hence, the kinematics of the robot is obtained:
Moreover, the joint variables of (14) do not equal those of (15). To distinguish between the two sets of joint variables, here we denote the joint variables of (14) by q _twist =[q 1_twist , q 2_twist , q 3_twist , q 4_twist , q 5_twist ] T , and the others by q _DH =[q 1_DH , q 2_DH , q 3_DH , q 4_DH ] T ; and then we have 
Finally, we randomly give 10 groups of joint values to calculate the poses of the end-effector of chain 2 from (14) and (15), respectively. The results, which are omitted here, show that the two kinematic equations of the two methods are equivalent to each other.
Experiment
An experiment was carried out on the Modular Reconfigurable Robot Experimental System (MRRES), as shown in Figure 8 , which was developed for education and research by Shenyang Institute of Automation, Chinese Academy of Sciences. The MRRES consists of a host computer, mechanical body, and accessories. The mechanical body consists of five rotary joints, one prismatic joint, two bases, one base plate, one gripper, seven perpendicular links, two coincident links and two parallel links. Although the MRRES has no branch link and a multi-chain robot is not available, it is competent to validate the proposed method.
A five-degree-of-freedom manipulator as shown in Figure  9 (a) was chosen for the experiment. Then, a series of modules were picked out to assemble a robot. Figure 9 (b) and (c) show the CAD model and photo of the robot, respectively. Figure  10 and Table 2 show the main dimensions of the modules.
After topological analysis, the host generated a module database and a rooted tree, as shown in Figure 9(d) . The human-machine interface of the host is shown in Figure  11 (a).
The path matrix was obtained as P T ð Þ= 111111 ½ :
The host computer automatically generated the kinematics of the robot as follows: 0 T 6 q 1 , q 2 , q 3 , q 4 , q 5 ð Þ = e q1 0ĵ 1 e q2 0ĵ 2 e q3 0ĵ 3 e q4 0ĵ 4 e q5 0ĵ 5 0 T 6 0 ð Þ, Figure 9 . A five-degree-of-freedom manipulator. where 0 j 1 = 0 0 1, 0 0 0 ð Þ T , 0 j 2 = À1 0 0, 0 À321:5 0 ð Þ T , 0 j 3 = 0 0 1, 0 0 0 ð Þ T , 0 j 4 = À1 0 0, 0 À653:5 0 ð Þ T , 0 j 5 = 0 0 1, 0 0 0 ð Þ T , 0 T 6 0 ð Þ = 0 À1 0 0 1 0 0 0 0 0 1 1086:5 0 0 0 1 2 6 6 6 4 3 7 7 7 5 :
As shown in Figure 11 (b), the robot system performed sync coordinate motion of the simulation and experiment well. Furthermore, based on inverse kinematics and trajectory planning, the robot worked (writing characters) at high precision, as shown in Figure 12 .
Conclusion
In this paper we present a method of generating kinematics of a modular reconfigurable robot. A modular reconfigurable robot is divided into joint and link modules, which can form dyads. A configuration, which consists of a series of dyads, is analysed by virtue of the graph theory. Then, based on the screw theory, the initial poses of every dyad and every chain are obtained, and the twists relative to the base frame are derived. Subsequently, based on Lie group and Lie algebra, a method of generating the kinematics is proposed. Finally, the results of an illustrative example and an experiment show that the method is valid and reliable for a heterogeneous modular robot, and can be applied to both single-open-chain robots and multi-chain robots. Moreover, the method runs with little intervention by operators, and thus it achieves a high level of automation to some extent. In the future, more experiments will be carried out to verify the generality of the method proposed in this paper. 
